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Abstract
A path in an edge-colored graph G, where adjacent edges may be colored the
same, is a rainbow path if every two edges of it receive distinct colors. The rainbow
connection number of a connected graph G, denoted by rc(G), is the minimum
number of colors that are needed to color the edges of G such that there is a rainbow
path connecting every two vertices of G. Similarly, a tree in G is a rainbow tree
if no two edges of it receive the same color. The minimum number of colors that
are needed in an edge-coloring of G such that there is a rainbow tree connecting
S for each k-subset S of V (G) is called the k-rainbow index of G, denoted by
rxk(G), where k is an integer such that 2 ≤ k ≤ n. Chakraborty et al. got the
following result: For every ǫ > 0, a connected graph with minimum degree at least
ǫn has bounded rainbow connection number, where the bound depends only on ǫ.
Krivelevich and Yuster proved that if G has n vertices and the minimum degree
δ(G) then rc(G) < 20n/δ(G). This bound was later improved to 3n/(δ(G) + 1) + 3
by Chandran et al. Since rc(G) = rx2(G), a natural problem arises: for a general k
determining the true behavior of rxk(G) as a function of the minimum degree δ(G).
In this paper, we give upper bounds of rxk(G) in terms of the minimum degree
δ(G) in different ways, namely, via Szemere´di’s Regularity Lemma, connected 2-
step dominating sets, connected (k − 1)-dominating sets and k-dominating sets of
G.
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1 Introduction
All graphs considered in this paper are simple, finite and undirected. We follow the
terminology and notation of Bondy and Murty [1]. Let G = (V,E) be a nontrivial
connected graph with an edge-coloring c : E → {1, 2, . . . , ℓ}, ℓ ∈ N, where adjacent edges
may be colored the same. A path of G is a rainbow path if no two edges of the path are
colored the same. The graph G is rainbow connected if for every two vertices of G, there
is a rainbow path connecting them. The minimum number of colors for which there is
an edge-coloring of G such that G is rainbow connected is called the rainbow connection
number, denoted by rc(G). These concepts were introduced by Chartrand et al. in [8].
Since it is almost impossible to give the precise value of the rainbow connection number
for an arbitrary graph, many bounds for the rainbow connection number have been given
in terms of other graph parameters, such as minimum degree and connectivity, etc. The
interested readers can see [4, 8, 11, 12, 13].
In [9], Chartrand et al. generalized the concept of rainbow path to rainbow tree. A
tree T in G is a rainbow tree if no two edges of T receive the same color. For S ⊆ V , a
rainbow S-tree is a rainbow tree connecting the vertices of S. Given a fixed integer k with
2 ≤ k ≤ n, an edge-coloring c of G is called a k-rainbow coloring if for every set S of k
vertices in G, there exists a rainbow S-tree. In this case, we called G k-rainbow connected.
The minimum number of colors that are needed in a k-rainbow coloring of G is called the
k-rainbow index, denoted by rxk(G). Clearly, when k = 2, rx2(G) is exactly the rainbow
connection number rc(G). For every connected graph G of order n, it is easy to see that
rc(G) ≤ rx3(G) ≤ · · · ≤ rxn(G). We refer to [2, 3, 10, 14] for more details about the
k-rainbow index.
Not surprisingly, as the minimum degree increases, the graph would become more dense
and therefore the rainbow connection number and rainbow index would decrease. In [6],
[11] and [7], the authors studied the relationship between the minimum degree δ(G) and
the rainbow connection number rc(G):
Theorem 1 ([6]). For every ǫ > 0, a connected graph with minimum degree at least ǫn
has bounded rainbow connection number, where the bound depends only on ǫ.
Theorem 2 ([11]). If G has n vertices and the minimum degree δ(G) then rc(G) <
20n/δ(G).
Theorem 3 ([7]). For every connected graph G of order n and minimum degree δ, rc(G) ≤
3n/(δ + 1) + 3. Moreover, for every δ ≥ 2, there exist infinitely many graphs G such that
rc(G) ≥ 3(n− 2)/(δ + 1)− 1.
Since rc(G) is the case of rxk(G) for k = 2, a natural problem arises: for a general k
determining the true behavior of rxk(G) as a function of the minimum degree δ(G). In
this paper, we focus on this problem and obtain some upper bounds for rxk(G) in terms
2
of δ(G) in different ways, namely, via Szemere´di’s Regularity Lemma, connected 2-step
dominating sets, connected (k−1)-dominating sets and k-dominating sets of G. The main
idea is similar to those of [6, 11, 7]. However, the proofs have their technical details and
the results are meaningful.
2 Preliminaries
For a graph G, we use V (G), E(G) and δ(G) to denote its vertex set, edge set and
minimum degree, respectively. For D ⊆ V (G), let D = V (G) \D, |D| be the number of
vertices in D, and G[D] be the subgraph of G induced by D. For two nonempty disjoint
vertex subsets X and Y of a graph G, let E(X, Y ) denote the set of edges of G between
X and Y .
Definition 1. The distance between two vertices u and v in G, denoted by d(u, v), is the
length of a shortest path between them in G. The diameter of G, denoted by diam(G),
is the maximum distance between every pair of vertices in G. The distance between a
vertex v and a set D ⊆ V (G) is d(v,D) := min{d(v, u) : u ∈ D}. For a positive integer
k, the k-step neighborhood of a set D ⊆ V (G) is Nk(D) := {x ∈ V (G) : d(x,D) = k}.
The distance between two sets X, Y ⊆ V (G) is d(X, Y ) := min{d(x, y) : x ∈ X, y ∈ Y }.
Definition 2. The Steiner distance d(S) of a set S of vertices in G is the minimum size
of a tree in G containing S. Such a tree is called a Steiner S-tree or simply a Steiner tree.
The k-Steiner diameter sdiamk(G) of G is the maximum Steiner distance of S among
all sets S with k vertices in G.
It is easy to get a simple upper bound and lower bound for rxk(G).
Observation 1 ([9]). For every connected graph G of order n ≥ 3 and each integer k
with 3 ≤ k ≤ n, k − 1 ≤ sdiamk(G) ≤ rxk(G) ≤ n− 1.
Definition 3. Given a graph G and a positive integer k, a set D ⊆ V (G) is called a
k-step dominating set of G, if every vertex in G is at a distance at most k from D, i.e.
V (G) = D ∪ (∪ki=1N i(D)). Further, if G[D] is connected, we call D a connected k-step
dominating set of G. The connected k-step domination number γkc (G) is the number of
vertices in a minimum connected k-step dominating set of G. When k = 1, we may omit
the qualifier “1-step” in the above names and the superscript 1 in the notation.
Definition 4. Given a graph G and a positive integer k, a set D ⊆ V (G) is called a
k-dominating set of G, if every vertex in D is adjacent to at least k distinct vertices of
D. Furthermore, if G[D] is connected, we call D a connected k-dominating set. The con-
nected k-domination number γck(G) is the minimum cardinality among all the connected
k-dominating sets of G.
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Definition 5. Given a graph G and a positive integer k, a dominating set D of G is
called a k-way dominating set if d(v) ≥ k for every vertex v ∈ D. In addition, if G[D] is
connected, we call D a connected k-way dominating set.
Definition 6. Let G be a graph and D ⊆ V (G). For v ∈ N1(D), its neighbors in D are
called foots of v, and the corresponding edges are called legs of v.
Definition 7. An edge-colored graph is rainbow if no two edges in the graph share the
same color.
3 Our results
In this section, we will deduce some upper bounds of rxk(G) in terms of the minimum
degree δ(G) in different ways, namely, via Szemere´di’s Regularity Lemma, connected 2-
step dominating sets, connected (k − 1)-dominating sets and k-dominating sets of G.
3.1 An upper bound via Szemere´di’s Regularity Lemma
In this subsection, we will investigate the k-rainbow index of a graph with the aid of
Szemere´di’s Regularity Lemma, and obtain our first upper bound.
Theorem 4. For every ǫ > 0 and every fixed positive integer k, there is a constant
C = C(ǫ, k) such that if G is a connected graph with n vertices and minimum degree at
least ǫn, then rxk(G) ≤ C.
The proof of Theorem 4 is based on a modified degree-form version of Szemere´di’s
Regularity Lemma in [6]. First of all, we need some more terminology and notation for
stating Szemere´di’s Regularity Lemma.
Let G be a graph and X, Y be two subsets of V (G). The edge density of the pair
(X, Y ) is defined as d(X, Y ) = |E(X, Y )|/(|X||Y |). A pair (X, Y ) is called ǫ-regular
if for every X ′ ⊆ X and Y ′ ⊆ Y satisfying |X ′| ≥ ǫ|X| and |Y ′| ≥ ǫ|Y |, we have
|d(X ′, Y ′)− d(X, Y )| ≤ ǫ. A partition V1, · · · , Vk of the vertex set of a graph G is called
an equipartition if |Vi| and |Vj| differ by no more than 1 for all 1 ≤ i < j ≤ k. In
particular, every Vi has one of two possible sizes. The order of an equipartition denotes
the number of partition classes (k above). An equipartition V1, · · · , Vk of the vertex set
of a graph is called ǫ-regular if all but at most ǫ
(
k
2
)
of the pairs (Vi, Vj) are ǫ-regular.
Szemere´di’s Regularity Lemma can be formulated as follows. In the sequel, without
mentioning explicitly, we assume that ǫ is a small enough constant.
Lemma 1 ([15]). (Regularity Lemma) For every ǫ > 0 and positive integer K, there exists
N = N1(ǫ,K), such that any graph with n ≥ N vertices has an ǫ-regular equipartition of
order ℓ, where K ≤ ℓ ≤ N .
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The modified degree-form version of the Regularity Lemma in [6] comes to use in our
proof as follows. Here [ℓ] = {1, 2, · · · , ℓ}.
Lemma 2 ([6]). (Regularity Lemma-new version) For every ǫ > 0 and positive integer K
there is N = N2(ǫ,K) such that the following holds: If G = (V,E) is a graph with n > N
vertices and minimum degree at least ǫn then there is a subgraph G
′′
of G, and a partition
of V into V
′′
1 , · · · , V ′′ℓ with the following properties:
1. K ≤ ℓ ≤ N ,
2. for all i ∈ [ℓ], (1− ǫ)n
ℓ
≤ |V ′′i | ≤ (1 + ǫ3)nℓ ,
3. for all i ∈ [ℓ], V ′′i induces an independent set in G′′,
4. for all i, j ∈ [ℓ], (V ′′i , V ′′j ) is an ǫ3-regular pair in G′′, with density either 0 or at least
ǫ
16
,
5. for all i ∈ [ℓ] and every v ∈ V ′′i there is at least one other class V ′′j so that the
number of neighbors of v in G
′′
belonging to V
′′
j is at least
ǫ
3ℓ
n.
Given a graph G = (V,E) and an edge coloring c : E → C, let πc denote the corre-
sponding partition of E into at most |C| components. For two edge-colorings c and c′,
c′ is a refinement of c if πc′ is a refinement of πc, namely, πc′(e) = πc′(e
′) always implies
πc(e) = πc(e
′).
Observation 2 ([6]). Let c and c′ be two edge-colorings of a graph G such that c′ is a
refinement of c. For any path P in G, if P is a rainbow path under c, then P is a rainbow
path under c′. In particular, if c makes G rainbow connected, then so does c′.
The following lemma bounds the number of edge-disjoint paths of length at most four
between every two vertices in the same partition of a graph with some given property.
Lemma 3. For every ǫ > 0 and every fixed integer k, there exists N = N3(ǫ, k) such that
any graph G = (V,E) with n > N vertices and minimum degree at least ǫn satisfies the
following: there is a partition Π of V into V1, V2, · · · , Vℓ such that for every i ∈ [ℓ] and
every two vertices u, v ∈ Vi, the number of edge-disjoint paths of length at most four from
u to v is larger than (3k)4 logn.
Proof. Given ǫ > 0 and a fixed integer k, let L = N1(ǫ, 1) and set N to be the smallest
number such that ǫ4N
L
> (3k)4 logN . Now, given any graph G = (V,E) with n > N
vertices and minimum degree at least ǫn, we apply Lemma 2 with parameters ǫ and 1.
The following proof is similar to that in [6], so we omit it here.
For a fixed integer k, we define a set of 4k distinct colors C = {c11, c21, c31, c41, c12, c22, c32, c42, · · · ,
c1k, c
2
k, c
3
k, c
4
k}. Given a coloring c: E → C, a pair of vertices is called ci-rainbow connected
for some i ∈ [k], if there is a rainbow path between the vertices only using the colors c1i ,
c2i , c
3
i , c
4
i . The following lemma is the key in the proof of Theorem 4.
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Lemma 4. For every ǫ > 0 and every fixed integer k, there is N = N4(ǫ, k) such that
any connected graph G = (V,E) with n > N vertices and minimum degree at least ǫn
satisfies the following: there is a partition Π of V into V1, · · · , Vℓ (ℓ ≤ N), and a coloring
c : E → C such that for every i ∈ [ℓ] and every two vertices u, v ∈ Vi, there exist k
edge-disjoint rainbow paths between u and v under c.
Proof. First we apply Lemma 3 to get the partition Π. Then we color every edge e ∈ E
with the colors in C uniformly and independently at random. Observe that a fixed path P
of length at most four is a cj-rainbow path with probability at least
4!
(4k)4
for each j with
1 ≤ j ≤ k. Thus a pair of vertices in Vi is not all cj-rainbow connected with probability
at most k(1− 4!
(4k)4
)(3k)
4 logn = o(n−2). It follows from the union bound that with positive
probability, all such pairs are all cj-rainbow connected for each j with 1 ≤ j ≤ k. Hence
the desired coloring must exist.
Proof of Theorem 4. For a given ǫ > 0 and a fixed integer k, set N = N4(ǫ, k) and
C = 3N
ǫ
+4k. Since rxk(G) ≤ n−1 by Observation 1, it follows that any connected graph
G = (V,E) with n ≤ C vertices satisfies rxk(G) ≤ C. So we assume that n > C ≥ N .
Let Π be the partition of V into V1, V2, · · ·Vℓ from Lemma 4, where ℓ ≤ N .
Since the diameter of G is bounded by 3
ǫ
in [6], there is a connected subtree T = (VT , ET )
of G with at most ℓ · diam(G) ≤ 3
ǫ
N vertices such that for every i ∈ [ℓ], VT ∩ Vi 6= ∅.
For each i ∈ [ℓ], we choose one vertex from VT ∩ Vi respectively, and call these vertices
tree-nodes. Let c : E → C be the coloring from Lemma 4, and let H = {h1, h2, · · · , h|ET |}
be a set of |ET | ≤ 3ǫN different fresh colors. We refine c by recoloring each edge ei ∈ ET
with the color hi ∈ H. Let c′ : E → (C ∪H) be the resulting coloring of G. Next we will
show this coloring c′ makes G k-rainbow connected.
Suppose S = {v1, v2, · · · , vk} is a set of k vertices in G. Without loss of generality,
assume that {v1, v2, · · · , vq} ⊆ VT , and {vq+1, vq+2, · · · , vk} ⊆ V \ VT for some 0 ≤ p ≤ k.
For each vi with q + 1 ≤ i ≤ k, let t(vi) be the corresponding tree-node in the same
component of vi. From Lemma 4, vi and t(vi) are connected by a rainbow path Pi of length
at most four, which receives the colors from {c1i , c2i , c3i , c4i } under the original coloring c.
Since c′ is a refinement of c, the path Pi is still rainbow under c
′. By the definition of
c′, there is a rainbow tree T ∗(⊆ T ) connecting the vertices v1, · · · , vq, t(vq+1), · · · , t(vk)
using the colors from H. The paths Pq+1, Pq+2, · · · , Pk together with the tree T ∗ induce
a connected rainbow subgraph G∗ of G connecting S. Thus there is a rainbow S-tree by
generating a spanning tree of G∗. Consequently, rxk(G) ≤ |ET |+ 4k ≤ C.
3.2 An upper bound via connected 2-step dominating sets
In this subsection, we will continue the research on the k-rainbow index of a graph with
the aid of connected 2-step dominating sets, and obtain our second bound. First of all,
we state the following lemma.
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Lemma 5 ([11]). A graph with minimum degree δ has two edge-disjoint spanning sub-
graphs, each with minimum degree at least ⌊(δ − 1)/2⌋.
Theorem 5. Let G be a connected graph with n vertices and minimum degree δ. Then
rxk(G) < 10nk2
t/(δ − 2t+1 + 2)− k − 2, where t is the integer such that 2t ≤ k < 2t+1.
Proof. The proof can be divided into the following three steps:
Step 1: Decompose a graph into k edge-disjoint spanning subgraphs.
Claim 1: A graph with minimum degree δ has 2ℓ edge-disjoint spanning subgraphs,
each with minimum degree at least (δ − 2ℓ+1 + 2)/2ℓ.
Proof of Claim 1. Let G be a graph with minimum degree δ. We apply induction on
ℓ. For ℓ = 1, it follows from Lemma 5 that G has two edge-disjoint spanning subgraphs,
each with minimum degree at least ⌊(δ − 1)/2⌋ ≥ (δ − 2)/2. Hence the assertion is
true for ℓ = 1. Suppose the assertion holds up till ℓ − 1. Now we will prove it for ℓ.
By induction hypothesis, G has 2ℓ−1 edge-disjoint spanning subgraphs G1, G2, · · · , G2ℓ−1,
each with minimum degree at least (δ − 2ℓ + 2)/2ℓ−1. By Lemma 5 again, each Gi
(1 ≤ i ≤ 2ℓ−1) has two edge-disjoint spanning subgraphs, each with minimum degree at
least (δ(Gi)− 2)/2 ≥ (δ− 2ℓ+1+2)/2ℓ. These 2ℓ spanning subgraphs of G are our desired
edge-disjoint spanning subgraphs.
Let k be a positive integer. Then there exists an integer t such that 2t ≤ k < 2t+1. Set
s = k − 2t. Then we have the following claim:
Claim 2: A graph with minimum degree δ has k edge-disjoint spanning subgraphs, 2s
of which have minimum degree at least (δ − 2t+2 + 2)/2t+1, others have minimum degree
at least (δ − 2t+1 + 2)/2t.
Proof of Claim 2. Let G be a graph with minimum degree δ. By Claim 1, G has 2t
edge-disjoint spanning subgraphs, each with minimum degree at least (δ − 2t+1 + 2)/2t.
We select s spanning subgraphs arbitrarily and replace each of them with its two edge-
disjoint spanning subgraphs by Lemma 5. Each of these 2s spanning subgraphs has
minimum degree at least (δ − 2t+2 + 2)/2t+1. Therefore, these 2s spanning subgraphs
together with the 2t− s = k− 2s non-selected spanning subgraphs are the ones we want.
Set α = (δ − 2t+1 + 2)/2t and β = (δ − 2t+2 + 2)/2t+1. Using Claim 2, we have k
edge-disjoint spanning subgraphs of G, denoted by G1, G2, · · · , Gk−2s, Gk−2s+1, · · · , Gk,
where δi := δ(Gi) ≥ α for 1 ≤ i ≤ k − 2s, and δi := δ(Gi) ≥ β for k − 2s+ 1 ≤ i ≤ k.
Step 2: Construct connected 2-step dominating sets.
Claim 3: For each Gi (1 ≤ i ≤ k), there exists a 2-step dominating set Di whose size
is at most n/(δi + 1).
Proof of Claim 3. Note that Gi may be disconnected. Let Ci1, Ci2, · · · , Cip be all the
connected components of Gi. We execute the following process:
Di = {vi1, vi2, · · · , vip}, where vij ∈ Cij .
While N3(Di) 6= ∅,
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pick any v ∈ N3(Di) and Di = Di ∪ {v}.
Since the process ends only when N3(Di) = ∅, the final Di is a 2-step dominating
set of Gi. Let q be the number of iterations. Consider the cardinality of Di
⋃
N1(Di).
Initially, |Di
⋃
N1(Di)| ≥ p(1 + δi). In every iteration, we add a new vertex to Di and
|Di
⋃
N1(Di)| increases by at least 1 + δi. Therefore, when the process ends, (p+ q)(1 +
δi) ≤ |Di
⋃
N1(Di)| ≤ n, thus |Di| = p+ q ≤ n/(1 + δi).
Claim 4: For each Di (1 ≤ i ≤ k), there exists a connected 2-step dominating set
D′i(⊇ Di) whose size is at most 5n/(δi + 1)− 4.
Proof of Claim 4. Note thatGi[Di] may be disconnected. Suppose thatQi1, Qi2, · · · , Qir
are the connected components of Gi[Di]. Since G is connected, every two distinct com-
ponents Qij , Qij′ must be connected by a path in G. Let Pjj′ be the shortest path
between Qij and Qij′ in G. Without loss of generality, we assume that Qi1, Qi2 are
the two components at the minimum distance among all the pairs of components, i.e.
d(Qi1, Qi2) = min{d(Qij, Qij′) : 1 ≤ j 6= j′ ≤ r}. Then we claim d(Qi1, Qi2) ≤ 5. Other-
wise, we can find a vertex v on P12 such that d(v,Qi1) ≥ 3 and d(v,Qi2) ≥ 3. Since D
is a 2-step dominating set, d(v,Qij) ≤ 2 for some Qij , thus d(Qi1, Qij) < d(Qi1, Qi2), a
contradiction. So by adding at most four vertices to Di, we can reduce the number of com-
ponents at least by 1. Therefore, we can find a connected 2-step dominating set D′i(⊇ Di)
by adding at most 4(r−1) vertices. We have |D′i| ≤ |Di|+4(r−1) ≤ |Di|+4(|Di|−1) =
5|Di| − 4 ≤ 5n/(1 + δi)− 4.
Now consider D′ = D′1∪· · ·∪D′k. Note that G[D′] may be disconnected. Using the fact
that each D′i (1 ≤ i ≤ k) is a connected 2-step dominating set of G, we can add at most
k − 1 vertices to D′ to obtain a set D(⊇ D′) such that G[D] is connected. Moreover, we
know |D| ≤∑ki=1 |D′i|+ k− 1 ≤ (k− 2s)(5n/(α+ 1)− 4) + 2s(5n/(β + 1)− 4) + k− 1 <
10nk2t/(δ − 2t+1 + 2)− 3k − 1.
Step 3: Give a k-rainbow coloring.
For each Di, let Ui = D ∩ N1(Di) and Wi = D ∩ N2(Di). Then Ui ∩ Wi = ∅ and
Ui∪Wi = D, since Di is a 2-step dominating set of G. For 1 ≤ i ≤ k, all the edges between
Di and Ui belonging to Gi receive the same color i, and all the edges between Ui and Wi
belonging to Gi receive the same color k+ i. Choose T as any spanning tree of G[D], and
color each edge of T with a distinct fresh color. All the remaining edges of G are colored
with 1. Then the total number of colors used is |D|−1+2k < 10nk2t/(δ−2t+1+2)−k−2.
Next we will show that this edge-coloring makes G k-rainbow connected. Note that
every vertex v ∈ D plays k different roles (i.e. for each 1 ≤ i ≤ k, v is a vertex in either
Ui or Wi). Thus v has k edge-disjoint rainbow paths P
v
1 , P
v
2 , · · · , P vk , where P vi is a v−D
path of length 1 (if vi ∈ Ui) or 2 (if vi ∈ Wi) in Gi. Moreover, if P vi is of length 1, then
the color of the edge on P vi is i; if P
v
i is of length 2, then the colors of the two edges on
P vi are i and k + i. Let S = {v1, v2, · · · , vk} be any set of k vertices in G. Without loss
of generality, we assume {v1, · · · , vp} ⊆ D and {vp+1, · · · , vk} ⊆ D for some 0 ≤ p ≤ k.
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For vi ∈ D, we choose the path P vii . Clearly,
⋃k
i=p+1 P
vi
i is still rainbow. Then the paths
{P vii : p + 1 ≤ i ≤ k} together with the tree T in G[D] induce a rainbow S-tree. Thus
rxk(G) < 10nk2
t/(δ − 2t+1 + 2)− k − 2.
3.3 Upper bounds via connected (k − 1)-dominating sets and
k-dominating sets
In this subsection, we will turn to study the k-rainbow index of a graph by connected
k-dominating sets and (k − 1)-dominating sets of the graph.
In the search toward good upper bounds for rc(G) and rx3(G), an idea that turned out
to be successful more than once is considering the “strengthened” connected dominating
sets. Here we list some known results:
Theorem 6 ([7]). (1) If D is a connected two-way dominating set of a connected graph
G, then rc(G) ≤ rc(G[D]) + 3.
(2) If D is a connected two-way two-step dominating set in a graph G, then rc(G) ≤
rc(G[D]) + 6.
Theorem 7 ([14]). Let G be a connected graph with minimal degree δ(G) ≥ 3. If D is a
connected 2-dominating set of G, then rx3(G) ≤ rx3(G[D]) + 4 and the bound is tight.
Theorem 8 ([3]). (1) If D is a connected three-way dominating set of a connected graph
G, then rx3(G) ≤ rx3(G[D]) + 6. Moreover, the bound is tight.
(2) If D is a connected 3-dominating set of a connected graph G with δ(G) ≥ 3, then
rx3(G) ≤ rx3(G[D]) + 3. Moreover, the bound is tight.
Next we will generalize these results to the k-rainbow index.
Theorem 9. (1) Let D be a connected k-dominating set of a connected graph G. Then
rxk(G) ≤ rxk(G[D]) + k, and thus rxk(G) ≤ γck(G) + k − 1.
(2) Let D be a connected (k− 1)-dominating set of a connected graph G with minimum
degree at least k. Then rxk(G) ≤ rxk(G[D]) + k + 1, and thus rxk(G) ≤ γck−1(G) + k.
Proof. (1) Since D is a connected k-dominating set, every vertex v in D has at least k
legs, denoted by ev1, e
v
2, · · · , evk. For each i (1 ≤ i ≤ k), we color the edge evi with the color
i. Let r = rxk(G[D]). Then we can color the edges in G[D] with r different colors from
{k + 1, k + 2, · · · , k + r} such that for every k vertices in D, there exists a rainbow tree
in G[D] connecting them. If there remain uncolored edges in G, we color them with the
color 1.
Next we will show that this edge-coloring c1 is a k-rainbow coloring of G. Let S =
{v1, v2, · · · , vk} be any set of k vertices in G. Without loss of generality, we assume that
{v1, · · · , vp} ⊆ D and {vp+1, · · · , vk} ⊆ D for some p (0 ≤ p ≤ k). For each vi ∈ D (p+1 ≤
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i ≤ k), let fi = viui be the leg of vi such that c1(fi) = i. Then the edges {fp+1, · · · , fk}
together with the rainbow tree connecting the vertices {v1, · · · , vp, up+1, · · · , uk} in G[D]
induces a rainbow S-tree. Thus rxk(G) ≤ rxk(G[D])+k. If we take a minimum connected
k-dominating set D∗ in G, then rxk(G) ≤ rxk(G[D∗])+k ≤ (|D∗|−1)+k = γck(G)+k−1.
(2) Suppose H is the subgraph of G induced by D. Let Z be the set of isolated vertices
in H . In every non-singleton connected component of H , we choose a spanning tree. This
gives a spanning forest on D \ Z. Choose X and Y as one bipartition defined by this
forest. Since G has minimum degree at least k, every vertex v in Z has at least k legs,
denoted by ev1, · · · , evk. For each i (1 ≤ i ≤ k), color evi with the color i. Since D is a
(k−1)-dominating set, every vertex in X has at least k−1 legs, denoted by f v1 , · · · , f vk−1.
For each i (1 ≤ i ≤ k − 1), color f vi with the color i . Similarly, every vertex in Y has at
least k−1 legs, denoted by gv1 , · · · , gvk−1. For each i (1 ≤ i ≤ k−1), color gvi with the color
i+ 1. Further, we give each edge between X and Y the color k + 1. Let r = rxk(G[D]).
Then we can color the edges in G[D] with r different colors from {k+2, k+3, · · · , k+r+1}
such that for every k vertices in D, there exists a rainbow tree in G[D] connecting them.
If there remain uncolored edges in G, we color them with 1.
Next we will show that this edge-coloring c2 is a k-rainbow coloring of G. Let S =
{v1, v2, · · · , vk} be any set of k vertices in G. Without loss of generality, we assume that
{v1, · · · , vd} ⊆ D, {vd+1, · · · , vd+z} ⊆ Z, {vd+z+1, · · · , vd+z+x} ⊆ X and
{vd+z+x+1, · · · , vd+z+x+y} ⊆ Y , where d, z, x, y are non-negative integers such that d+ z+
x+ y = k.
Case 1: d+ z + x = k (i.e. S ∩ Y = ∅). Then for each d+ 1 ≤ i ≤ k − 1, let fi = viui
be the leg of vi such that c2(fi) = i. For i = k, if vk ∈ Z, then let fk = vkuk be the leg of
vk such that c2(fk) = k; if vk ∈ X , then let Pk = vkwkuk (wk ∈ Y, uk ∈ D) be the path
such that c2(wkuk) = k, c2(vkwk) = k + 1.
Case 2: d + z + x = 0 (i.e. S ⊆ Y ). Then for each 1 ≤ i ≤ k − 1, let fi = viui be the
leg of vi such that c2(fi) = i + 1. For i = k, let Pk = vkwkuk(wk ∈ X, uk ∈ D) be the
path such that c2(wkuk) = 1, c2(vkwk) = k + 1.
Case 3: 1 ≤ d + z + x ≤ k − 1 (i.e. S ∩ (Z ∪ X ∪ D) 6= ∅ and S ∩ Y 6= ∅). Then for
each d+ 1 ≤ i ≤ k, let fi = viui be the leg of vi such that c2(fi) = i.
Then the edges {fd+1, · · · , fk(or Pk)} together with the rainbow tree connecting the
vertices {v1, · · · , vd, ud+1, · · · , uk} in G[D] induce a rainbow S-tree. Thus rxk(G) ≤
rxk(G[D])+k+1. If we take a minimum connected (k−1)-dominating set D∗ in G, then
rxk(G) ≤ rxk(G[D∗]) + k + 1 ≤ (|D∗| − 1) + k + 1 = γck−1(G) + k.
In [5], Caro, West and Yuster presented the following result for the connected k-
domination number:
Lemma 6 ([5]). Let k and δ be positive integers satisfying k <
√
lnδ and let G be a graph
on n vertices with minimum degree at least δ. Then γck(G) ≤ n lnδδ (1 + oδ(1)).
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Combining this lemma with Theorem 9, we come to the following conclusion:
Theorem 10. Let k and δ be positive integers satisfying k <
√
lnδ and let G be a graph
on n vertices with minimum degree at least δ. Then rxk(G) ≤ n lnδδ (1 + oδ(1)).
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